We construct gravitational non-relativistic brane solutions of type IIA/IIB string theories and M-theory and their near-horizon geometries. The non-relativistic M2 and M5-brane metrics have Schrödinger symmetries with dynamical exponent z = 3/2 and z = 3, respectively, whereas the known D3-brane solution has z = 2. The non-relativistic D-brane, NS5-brane, F-string and KK monopole metrics have asymptotically space and time translations, space rotations, Galilean symmetries and a particle number symmetry. We construct two different gravitational backgrounds of a non-relativistic D1-D5 system, both having asymptotically Schrödinger symmetry with exponent z = 2. We study the properties of the solutions and their phase diagram.
Introduction
The AdS/CFT correspondence relates conformal field theories in d-dimensional flat space-times to gravitational theories (superstring/M-theory) in asymptotically AdS d+1 curved spaces (for a review see [1] ). The gravitational description is weakly coupled when the conformal field theory is strongly coupled. The AdS/CFT correspondence has been generalized in various ways in order to relate non-conformal field theories to gravity. Two such generalizations have been realized by relating the worldvolume field theories of type II Dp-branes (p = 3) and NS5-branes to their gravitational description.
Recently, several attempts have been made to generalize the AdS/CFT correspondence to strongly coupled non-relativistic conformal systems [2] [3] . 1 The symmetry group of such systems is the non-relativistic conformal group (the Schrödinger group) and it should be realized as the isometry group of the corresponding curved metrics. The Schrödinger group consists of translations in time and space, space rotations, Galilean boosts, dilatation and particle number symmetry. Such a solution of non-relativistic D3-branes has been obtained by applying a Null Melvin Twist to the relativistic D3-brane solution [5] [6] [7] , and by a Penrose limit or a TsT transformation in [6] . In this case the metric has a special conformal symmetry in addition to the Schrödinger symmetry. This procedure has also been used to construct non-extremal non-relativistic D3-brane solution.
It is natural to ask whether one can construct non-relativistic branes of different dimensionality, i.e. Dp-branes for general p, NS-branes, M-branes and their intersections, and thus to generalize further the proposal for a duality between non-relativistic systems and gravity. The aim of this paper is to construct such solutions and discuss their properties.
In the various sections we analyze in detail the gravitational backgrounds at zero and finite temperature. Let us briefly present in the following some of the results at zero temperature. In the table we summarize the various near-horizon metrics and the sections of the paper where we discuss them.
1 Other recent discussions include [4] . Consider the non-relativistic Dp-branes, where the Dp-brane charge Q p ∼ ρ 7−p p . The parameter ∆ can be eliminated by a redefinition of the coordinates t and ξ. Note, however, that this cannot be done for the non-extremal Dp-brane solutions and ∆ should be a physical parameter of the dual non-relativistic field theory related to a chemical potential [5] . As for the relativistic Dp-branes, the dilaton is not constant when p = 3. There are two non-zero background fields: a RR (p + 1)-form potential that takes the same form as in the relativistic case, and a NSNS 2-form B-field.
The metrics have along the worldvolume directions space and time translations, space rotations and Galilean boost symmetries
in addition to a particle number symmetry (translation in ξ) and an SO(9 − p) rotational symmetry in the (9 − p) transverse directions. The dual non-relativistic field theories live in the coordinates (t, x i ), for i = 1, . . . , p − 1. The momentum in the ξ direction is interpreted as the particle number and the coordinate r as the inverse RG length scale.
Note, however, that there is still an open issue of how to define properly the boundary where the non-relativistic field theory lives, since the leading term of the metric in the worldvolume directions is one-dimensional as r → 0.
When p = 3, the metric has two additional symmetries: a dilatation
and a special conformal transformation
There is only one (temporal) special conformal symmetry of the non-relativistic D3-branes metric, while there are four special conformal symmetries in the relativistic case.
The non-relativistic M2 and M5-brane metrics have Schrödinger symmetries that include also a dilatation. Note that their metrics take the form
ν is related to the dynamical critical exponent z via z = ν + 1, where z parametrizes the anisotropy in the scaling of time and space coordinates: t → λ z t, x → λx. In addition there is a non-zero 3-form potential. Unlike the D3-brane case, special conformal transformation is not a symmetry of the M2 and M5 branes metric.
The non-relativistic type IIB NS5-brane background has a linear dilaton, a RR 2-form potential and a NSNS 2-form B-field. It is obtained by applying an S-duality to the non-relativistic D5-brane background and has the same symmetries of the latter but it describes a coupled D1-NS5 system. The non-relativistic type IIA NS5-brane background can be obtained by taking a type IIA limit of the non-relativistic M5-brane background.
The solution contains D2 branes stretched along a worldvolume direction and a transverse direction, thus describing a coupled D2-NS5 system. The non-relativistic type II NS5-brane background provides a dual description of a non-relativistic Little String Theory.
The non-relativistic type IIB fundamental string background has a non-zero dilaton, a RR 2-form potential and a NSNS 2-form B-field. It is obtained by applying an S-duality to the D1-brane background and has the same symmetries. It describes a coupled D1-F1
system. The non-relativistic type IIA fundamental string background is obtained by a reduction of the eleven-dimensional M2-brane background to ten dimensions and has a non-zero dilaton, a RR 3-form potential and a NSNS 2-form B-field, describing a coupled F1-D2 system. As for the non-relativistic D3-brane, the non-relativistic D1-D5 branes metric has a special conformal symmetry in addition to the Schrödinger symmetry. In the table M 4 refers to the four-torus T 4 or to K3. In both cases, we can perform the shift along an isometry of the three-sphere and obtain a solution with a constant dilaton, NSNS B-field and RR 3-form field strength. If we pick the four-torus as a compact manifold, however, we can perform the shift along the torus isometry and obtain a different solution, with the same metric but with an additional RR five form flux turned on.
The paper is organized as follows. In section 2 we will consider the type IIB nonrelativistic branes. The non-relativistic Dp-brane backgrounds are obtained from the relativistic Dp-brane solutions via a TsT transformation as in [6] , or by using the Null
Melvin Twist procedure as in [7] [5], following [8][9] . In the case of the type IIB Dp-branes it works as in the original example of [7] [5] [6] . We verified that both methods generate the same non-relativistic Dp-brane backgrounds. We use S-duality in order to obtain the non-relativistic type IIB NS5-brane and fundamental string backgrounds. In section 3 we will consider the type IIA non-relativistic branes. We will first perform a Null Melvin Twist of the IIA black branes and obtain non-relativistic metrics whose noncompact part depends explicitly on the coordinates of the sphere. We will then modify the solution to obtain an analogous solution to the IIB case, where the noncompact part of the metric is independent of the compact directions. In section 4 we will consider the non-relativistic M-branes and KK monopole, which we will obtain by lifting the type IIA non-relativistic D2, D4 and D6-branes to eleven dimensions. By reducing to ten dimensions the M2 and M5-branes we obtain the IIA F1 and NS5-brane solutions. In section 5 we will consider the D1-D5 system and present the two different solutions obtained by performing the TsT shift either along the three-sphere or along the compact torus. In section 6 we will study the phase diagrams of the various solutions. Finally, in the Appendix we collect some useful geometrical results.
Non-relativistic Type IIB branes
The relativistic non-extremal Dp-brane backgrounds in ten dimensions (IIA for p even, IIB for p odd) read (in the string frame and l s = 1)
where Vol(S 8−p ) is the volume form of the transverse S 8−p and
The non-extremality parameter is ρ H , and by taking it to zero we obtain the extremal solution. The symmetry group of the metric is ISO(p) × SO(9 − p) (p = 3), and is enhanced to ISO(1, p)×SO(9−p) in the extremal case. ISO(1, p) (ISO(p)) is the Poincare symmetry group of the D-brane worldvolume, and SO(9 − p) is the rotational symmetry in the (9 − p) transverse directions. In the following we will use these solutions as starting points in order to generate the non-relativistic Dp-brane backgrounds.
Non-relativistic Dp-branes
The non-relativistic Dp-brane backgrounds can be obtained from the relativistic Dpbrane solutions via a TsT transformation as in [6] , or by using the Null Melvin Twist procedure as in [7] [5], following [8][9] . In the case of the type IIB Dp-branes it works as in the original example of [7] [5] [6] . We will verify that both methods generate the same non-relativistic Dp-brane backgrounds.
Starting with the black brane solutions (2.1), the procedure of [6] consists of the following steps:
(1) T-dualize along an isometry direction χ in the compact directions. In the type IIB case, the odd-dimensional spheres can be written as U (1) fibrations over a complex projective space as U (1) ֒→ S 8−p ֒→ P
7−p 2
and we T-dualize along the fiber direction dχ (details of the relevant fibrations are outlined in the Appendix).
(2) Shift a light cone direction in the world-volume of the brane according to ξ =
The Null Melvin Twist generates new supergravity solutions in eight steps, and consists of a boost, a TsT transformation and an inverse boost plus a scaling limit:
1) Start with the black brane solutions in (2.1).
2) Boost in the translationally invariant direction y by an amount γ.
3) T-dualize along the boosted direction dy.
4) Twist a one form in the transverse compact direction dχ → dχ + αdy.
5) T-dualize back along dy.
6) Boost back by −γ along y.
7) Take the scaling limit
By applying this procedure, we obtain the non-relativistic black Dp-branes (for odd p)
where 
is the metric on the squashed (8 − p)-sphere, with squashing parameter K (the details are in the Appendix). Note that the RR flux is not affected by the Null Melvin Twist. When p = 3 the solution reduces to the known one [5] .
The Poincare symmetry group of the relativistic Dp-brane metric is replaced by a nonrelativistic symmetry. Asymptotically, at large ρ it includes space and time translations, space rotations and Galilean transformations. The extremal non-relativistic Dp-brane metric exhibits asympotically also the SO(9 − p) rotational symmetry group. This rotational symmetry is broken in the non-extremal case to SU ( 9−p 2 )×U (1), since the odd-dimensional spheres get squashed and the remaining isometries are the ones of the complex projective space P 7−p 2 times the fiber direction.
2 In the procedure of [6] , the shift δ 2 = 2β 2 .
Next, we take the near-horizon limit by replacing the harmonic function h →
and changing the radial coordinate ρ/ρ p = ρ p /r. The near-horizon geometry of the nonrelativistic non-extremal black branes reads 4) where the RR charge (2.2) is replaced by
, we introduced the notations
The Hawking temperature of the non-relativistic black branes can be computed in the usual way by requiring the absence of a conical singularity of the euclideanized metric near the horizon at r = r H . One finds
The factor of √ 2 is due to the relation between the time coordinate which is used in the near horizon analysis, and the time coordinate of the non-relativistic field theory [5] .
Finally, we can take the extremal limit r H → ∞, where f → 1, g → 0, K → 1 and find the zero-temperature solution with non-relativistic symmetries
The parameter ∆ can be eliminated by a redefinition of the coordinates t and ξ. Note, however, that this cannot be done for the non-extremal Dp-brane solutions and ∆ should be a physical parameter of the dual non-relativistic field theory related to a chemical potential [5] . Also, the SO(9 − p) rotational symmetry group which was broken in the non-extremal case is restored in the extremal limit.
Non-relativistic NS-branes
Consider the near-horizon geometry (2.4) for the black Dp-branes. Under an S-duality transformation we have 8) where C 2 is the RR two-form potential. We can obtain the NS fivebrane and the fundamental string solutions for p = 5 and p = 1.
Non-relativistic NS5-branes
S-duality transformation of the non-relativistic D5-branes yields the type IIB nonrelativistic NS5-brane background
The metric exhibits asymptotically the same symmetries as the non-relativistic D5-brane metric. In the limit r H → ∞ we find the zero-temperature non-relativistic geometry 10) and the NSNS flux remains unchanged. This is a background with an NS5 and a D1 string stretching along the U (1) fiber direction dχ + A. Note that this is different from the solution one would get by starting with the non-extremal NS5 brane and applying the Null Melvin Twist.
Non-relativistic fundamental string S-duality transformation of the non-relativistic D1-branes yields the non-relativistic type IIB fundamental string background
(2.11)
In the limit r H → ∞ we find 12) while the NSNS flux is unchanged. This is a background with a fundamental string and a D1 string stretching along the U (1) fiber direction dχ + A. Again, this solution is different from the one obtained by starting with the non-extremal F1 and applying the Null Melvin Twist procedure.
Non-relativistic D3-branes and S-duality
Unlike the relativistic case, the non-relativistic D3-brane of type IIB is not invariant under S-duality, since the NSNS potential is mapped to a RR 2-form potential C 2 . This implies that unlike N = 4 Super Yang-Mills, here the dual non-relativistic conformal field theory does not possess an S-duality symmetry and moreover it is dual to a purely RR background. For large values of the dilaton, the correct description of the non-relativistic D3-brane is in terms of the dual background
(2.13)
3. Non-relativistic Type IIA Dp-branes
In this section, we will first perform a Null Melvin Twist of the type IIA black branes and obtain a warped non-relativistic metric whose noncompact part depends explicitly on the coordinates of the sphere. We will then modify the solution and get a solution analogous to the type IIB case, where the noncompact part of the metric is independent of the compact directions.
Consider the black brane solution (2.1). In the case of even p, the compact directions transverse to the brane consist of even-dimensional spheres, that cannot be written as U (1) fibrations. Let us consider the extremal case for simplicity and perform a Null Melvin
Twist, where the shift in the TsT is along one of the isometries of the compact sphere. If we take the standard metric on the sphere
and choose dθ 8−p as the isometry direction, we get the near-horizon geometry
2)
The components of the metric parallel to the brane explicitly depend on the angles of the sphere through the function e(θ) = sin 2 θ 1 . . . sin 2 θ 8−p−1 . However, we can drop the angle dependence from g tt and find a modified B field whose stress tensor satisfies the new equations of motion. It is straightforward to check that the following solution has the desired properties of a non-relativistic extremal geometry
with the dilaton and RR flux as in (3.2) . The metric in the directions parallel to the brane does not depend on the compact directions, and has the same structure as that of the odd p non-relativistic Dp-branes. We leave it as open problem to construct the finite temperature version of (3.3).
Non-relativistic M-theory branes
In this section, we will obtain the extremal solutions for the non-relativistic M theory geometries of the near-horizon M2 and M5 branes and the KK monopole. The M2 and M5
solutions exhibit the full Schrödinger symmetry with dynamical exponents ν = 1/2 and ν = 2 respectively, as opposed to the D3 brane case [7] [5] [6] that has ν = 1. By reducing to ten dimensions we will then obtain the type IIA NS5-brane and F1 solutions.
The uplift to M theory of the IIA solutions (3.3) is given by
where x 10 denotes the eleventh coordinate, C's are the RR potentials and B is the NSNS potential.
Non-relativistic M2-branes
The uplift of the D2 solution (3.3) is most transparent in cartesian coordinates. The non-relativistic D2-brane reads is the harmonic function corresponding to a smeared M2-brane and F 4 is the eleven dimensional four-form flux. To obtain the localized M2-brane [10] one needs to replace the harmonic function H with
wherex 10 is the position of the M2-brane on the eleventh dimensional circle of radius R.
In the limit where we are far away from the M2-brane, one can Poisson resum (4.4) 
where we replaced √ 9 − p → √ 10 − p as coefficient of the last term in the four-form flux.
Finally we change variables toρ 2 /ρ 2 2 =ρ 2 /r and rescale r → r/2,ρ 2 →ρ 2 /2, we obtain the non-relativistic geometry .
Note that unlike the non-relativistic D3-brane case, special conformal transformation is not a symmetry of the non-relativistic M2-brane metric.
Non-relativistic M5-branes
Consider the solution for the type IIA D4-brane (3.3) . Its lift to eleven dimensions, after changing the radial coordinate to ρ/ρ 4 = ρ 4 /r and rescaling r → 2r, ρ 4 → 2ρ 4 , reads 7) where i = 1, . . . , 4 and the last coordinate is the eleventh dimensional one and∆ As for the non-relativistic M2-branes, also the M5-brane metric does not possess the special conformal symmetry.
Non-relativistic KK monopole
The D6-brane in (3.3) is uplifted to an eleventh dimensional solution
We can identify a non-relativistic KK monopole, whose compact part is an ALE N−1 space, by changing coordinates toθ = θ/2 ,ψ = x 10 /2ρ 6 , ϕ = ϕ +φ , r = 4r 2 /ρ 6 , and obtaining
where we redefined∆ r .
Type IIA NS-branes

Non-relativistic NS5-branes
Consider the M5-brane (4.7). By reducing it to ten dimensions along a transverse direction we obtain the solution for the IIA NS5-brane
(4.10)
By a change of variables we can recast this metric into the more familiar form 11) where ∆ = βρ 4 . While the type IIB fivebrane solution (2.10) contains D1-branes stretched along the dχ direction, the type IIA fivebrane solution contains D2-branes stretched along a worldvolume direction and a transverse direction.
Non-relativistic fundamental string
Reducing the M2-brane solution to ten dimensions we can obtain the IIA fundamental string solution with non-relativistic symmetries
By a change of coordinates we can recast the metric in the following form 13) where ∆ = βρ 2 .
Non-relativistic intersecting branes
Two D1-D5 non-relativistic systems
We can apply a TsT transformation to the black D1-D5 system in [11] . The four compact directions parameterize a four manifold M 4 that can be either a K3, that has no isometries, or a torus T 4 . In both cases we can perform a T-duality along the three-sphere transverse to the D1, by considering the sphere as a Hopf fibration and proceeding as above.
However, when the compact four-manifold is a torus, we can perform a TsT transformation with a T-duality along the torus direction. In this case, we obtain a new solution with an extra five-form flux turned on, whose metric is the same as the previous one in the limit of zero temperature. Hence, in the case that the compact four-manifold is a torus, we have two different non-relativistic black branes that have the same metric in the zero temperature limit In fact, there is a continuous family of non-relativistic backgrounds, all having the same metric asymptotics. They are obtained by a T-duality along a linear combination of a T 4 direction and the U (1) fiber of S 3 . It would be interesting to understand this result in the dual non-relativistic quantum mechanics.
where ∆ = βρ 1 ρ 5 . We changed variables to
r 2 and we replaced Q 1 → 2ρ where r H = ρ 1 ρ 5 /ρ H . In the limit of zero temperature the solution becomes The other possibility is to perform the T-duality along a torus direction, instead of using the U (1) isometry of the Hopf fibration. We denote by ϕ i , i = 1, ..., 4 the torus coordinates and we pick dϕ 4 as the T-duality isometry direction. Following the TsT method of [6] we find the following near-horizon black hole solution 5) where ∆ = αρ 1 / √ 2 (α is the shift) and the three-form F 3 is the same as in (5.3). The self-dual flux in the type IIB equations of motion is the combinationF
The fluxes in (5.5) conspire to make a self dualF 5 , which is the reason why we have a factor (1 + 2 ⋆) instead of the usual (1 + ⋆). In the extremal limit, this second solution has the same metric, dilaton and three-form as in (5.4) , but a different B-field, plus a five-form flux
(5.6)
Two F1-NS5 non-relativistic systems
When the dilaton is large, a proper description of the non-relativistic D1-D5 system is obtained by applying the S-duality transformation (2.8) that gives a non-relativistic F1-NS5 system with flux. In the case the T-duality in the TsT is along the three-sphere isometry, the near horizon geometry of such F1-NS5 solution at non-zero temperature is
(5.7)
In the extremal limit, we simply have K, f → 1 and g → 0.
In the second case (5.5) , in which the T-duality in the TsT is performed along the torus direction, when the dilaton becomes large we can pass to the S-dual description in terms of the extremal F1-NS5 near-horizon geometry 8) and same RR five-form flux as in (5.5) , while the dilaton and B field are the same as in (5.7) . Just as for the D1-D5 system, the zero temperature limit of the two F1-NS5 systems have the same metric isometries.
Phase structure
When trying to relate the gravity description to a dual non-relativistic field theory, we need to compactify the null coordinate ξ. The reason is, as noted before, that the momentum in the ξ direction is interpreted as the particle number of the non-relativistic field theory, which is discrete. However, a compact null-direction, which can be viewed as the limit of a small compact space-like circle, takes us out of the validity of the supergravity approximation. To properly analyze the phase structure of the non-relativistic Dp-branes we should consider the non-extremal solutions because in the finite temperature case the null circle receives a finite size with a conical singularity at the origin of the radial direction. We can then trust the supergravity approximation away from the boundary.
In the following we will perform a simpler analysis and consider the extremal case, which is valid when the coordinate ξ is non-compact. The phase structure that we find is very similar to that of the relativistic Dp-branes. This, together with the fact that at finite temperature the horizon is not affected by a TsT transformation [12] , suggest that the phase structure of the non-extremal non-relativistic Dp-branes is similarly equivalent to that of the non-extremal relativistic Dp-branes.
We define a dimensionless expansion parameter
The curvature R associated with the non-relativistic Dp-brane metric takes the form
The dimensionless effective coupling (6.1) reads
We expect a perturbative non-relativistic quantum mechanics description when the effective coupling is small g ef f ≪ 1. This is the UV regime of length scales r ≪ 1/ρ 1 . The description breaks down at g ef f ∼ 1, i.e. at a length scale r ∼ 1/ρ 1 . The curvature of the non-relativistic D1-brane metric (6.2) is small at length scales r ≫ 1/ρ 1 . The effective string coupling
is small at length scales r ≪ ρ 1 . Thus, the type IIB supergravity description (2.7) is valid in the regime 1/ρ 1 ≪ r ≪ ρ 1 . At length scales r ≫ ρ 1 the effective string coupling is large and we need to apply an S-duality transformation to the non-relativistic D1-brane background. This gives the non-relativistic fundamental string (2.12 we expect a free non-relativistic conformal quantum mechanics description. 
Non-relativistic D2-branes
The dimensionless effective coupling g ef f = l 
Non-relativistic D4-branes
The dimensionless effective coupling g ef f = l 4 . At length scales r ≪ ρ 4 the effective string coupling is large and we need to uplift the non-relativistic D4-brane ten-dimensional background to eleven dimensions. In the UV we expect a fivedimensional non-relativistic conformal field theory description realized on the worldvolume of the non-relativistic M5-branes (4.7).
Non-relativistic D5-branes
The dimensionless effective coupling g ef f = ρ . At length scales r ≪ ρ 5 the effective string coupling is large and we need to apply an S-duality transformation to the non-relativistic D5-brane background. This gives the non-relativistic NS5-branes (2.10). The effective string coupling now is e Φ ∼ r/ρ 5 and it vanishes in the UV at small r. The curvature R ∼ 1/ρ 2 5 is independent of r and is small at large ρ 5 . Thus, the type IIB supergravity description is valid in the IR at large ρ 5 .
Non-relativistic D6-branes
The dimensionless effective coupling g ef f = l 6 . At length scales r ≪ ρ 6 the effective string coupling is large and we need to uplift the non-relativistic D6-brane ten-dimensional background to eleven dimensions. We get the the non-relativistic KK monopole as described in section 4.3.
